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■ Abstract 

Gravitational collapse of matter trapped on a brane will produce a black hole on the brane. We 
. discuss such black holes in the models of Randall and Sundrum where our universe is viewed as 



(N 



a domain wall in five dimensional anti-de Sitter space. We present evidence that a non-rotating 
^ . uncharged black hole on the domain wall is described by a "black cigar" solution in five dimensions. 

in 
o . 

CN 1 Introduction 
0^ 

• There has been much recent interest in the idea that our universe may be a brane embedded in some 
0\ higher dimensional space. It has been shown that the hierarchy problem can be solved if the higher 
dimensional Planck scale is low and the extra dimensions large ^. An alternative solution, proposed 
"V* by Randall and Sundrum (RS), assumes that our universe is a negative tension domain wall separated 
^ from a positive tension wall by a slab of anti-de Sitter (AdS) space j^. This does not require a large 
(— I I extra dimension: the hierarchy problem is solved by the special properties of AdS. The drawback with 
' this model is the necessity of a negative tension object. 

In further work RS suggested that it is possible to have an infinite extra dimension. In this 
model, we live on a positive tension domain wall inside anti-de Sitter space. There is a bound state 
_ of the graviton confined to the wall as well as a continuum of Kaluza-Klein (KK) states. For non- 
relativistic processes on the wall, the bound state dominates over the KK states to give an inverse 
square law if the AdS radius is sufficiently small. It appears therefore that four dimensional gravity 
is recovered on the domain wall. This conclusion was based on perturbative calculations for zero 
thickness walls. Supergravity domain walls of finite thickness have recently been considered |6|, |^] 
and a non-perturbative proof that the bound state exists for such walls was given in |^]. It is important 
to examine other non-perturbative gravitational effects in this scenario to see whether the predictions 
of four dimensional general relativity are recovered on the domain wall. 

If matter trapped on a brane undergoes gravitational collapse then a black hole will form. Such 
a black hole will have a horizon that extends into the dimensions transverse to the brane: it will be 
a higher dimensional object. Phenomenological properties of such black holes have been discussed in 
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1^] for models with large extra dimensions. In this paper we discuss black holes in the RS models. A 
natural candidate for such a hole is the Schwarzschild-AdS solution, describing a black hole localized 
in the fifth dimension. We show in the Appendix that it is not possible to intersect such a hole with 
a vacuum domain wall so it is unlikely that it could be the final state of gravitational collapse on the 
brane. A second possibility is that what looks like a black hole on the brane is actually a black string 
in the higher dimensional space. We give a simple solution describing such a string. The induced 
metric on the domain wall is simply Schwarzschild, as it has to be if four dimensional general relativity 
(and therefore Birkhoff 's theorem) are recovered on the wall. This means that the usual astrophysical 
properties of black holes (e.g. perihelion precession, light bending etc.) are recovered in this scenario. 

We find that the AdS horizon is singular for this black string solution. This is signalled by scalar 
curvature invariants diverging if one approaches the horizon along the axis of the string. If one ap- 
proaches the horizon in a different direction then no scalar curvature invariant diverges. However, in a 
frame parallelly propagated along a timelike geodesic, some curvature components do diverge. Further- 
more, the black string is unstable near the AdS horizon - this is the Gregory-Laflamme instability 
However, the solution is stable far from the AdS horizon. We will argue that our solution evolves to a 
"black cigar" solution describing an object that looks like the black string far from the AdS horizon 
(so the metric on the domain wall is Schwarzschild) but has a horizon that closes off before reaching 
the AdS horizon. In fact, we conjecture that this black cigar solution is the unique stable vacuum 
solution in five dimensions which describes the endpoint of gravitational collapse on the brane. We 
suspect that the AdS horizon will be non-singular for the cigar solution. 

2 The Randall-Sundrum models 

Both models considered by RS use five dimensional AdS. In horospherical coordinates the metric is 

ds'^ = e-^y/^r]ijdx'dx^ + dy^ (2.1) 

where r/^,y is the four dimensional Minkowski metric and I the AdS radius. The global structure of 
AdS is shown in figure |l[ Horospherical coordinates break down at the horizon y = oo. 

In their first model |^, RS slice AdS along the horospheres at y = and y = yc > 0, retain the 
portion < y < yc and assume Z2 refiection symmetry at each boundary plane. This gives a jump in 
extrinsic curvature at these planes, yielding two domain walls of equal and opposite tension 

where = 8ttG and G is the five dimensional Newton constant. The wall at y = has positive tension 
and the wall at y = yc has negative tension. Mass scales on the negative tension wall are exponentially 
suppressed relative to those on the positive tension one. This provides a solution of the hierarchy 
problem provided we live on the negative tension wall. The global structure is shown in figure |l|. 

The second RS model is obtained from the first by taking yc 00. This makes the negative 
tension wall approach the AdS horizon, which includes a point at infinity. RS say that their model 
contains only one wall so presumably the idea is that the negative tension brane is viewed as an auxiliary 
device to set up boundary conditions. However, if the geometry makes sense then it should be possible 
to discuss it without reference to this limiting procedure involving negative tension objects. If one 
simply slices AdS along a positive tension wall at y = and assumes reflection symmetry then there 
are several ways to analytically continue the solution across the horizon. These have been discussed 
in [|ll|, |l2|, ^ There are two obvious choices of continuation. The first is simply to assume that 
beyond the horizon, the solution is pure AdS with no domain walls present. This is shown in figure 
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Figure 1: 1. Anti-de Sitter space. Two horospheres and a horizon are shown. The vertical hnes rep- 
resent timehke infinity. 2. Causal structure of Randall-Sundrum model with compact fifth dimension. 
The arrows denote identifications. 



Figure 2: Possible causal structures for Randall-Sundrum model with non-compact fifth dimension. 
The dots denote points at infinity. 

^. An alternative, which seems closer in spirit to the geometry envisaged by RS, is to include further 
domain walls beyond the horizon, as shown in figure ^. In this case, there are infinitely many domain 
walls present. 



3 Black string in AdS 

Let us first rewrite the AdS metric 2.1 by introducing the coordinate z = le^/K The metric is then 
manifestly conf or mally flat: 

ds^ = —idz'^ + riijdx'dx^). (3.1) 

In these coordinates, the horizon lies at z = oo while the timelike infinity of AdS is at z = 0. We 
now note that if the Minkowski metric within the brackets is replaced by any Ricci fiat metric then 
the Einstein equations (with negative cosmological constant) are still satisfied^. A natural choice for 

^ This procedure was recently discussed for general p-brane solutions in [ p^ . 
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a metric describing a black hole on a domain wall at fixed z is to take this Ricci flat metric to be the 
Schwarzschild solution: 



ds^ = ^^{-U{r)dt^ + U{r)-^dr'^ + r'^{de'^ + sin^ Od^'^) + dz'^) (3.2) 



where U{r) = 1 — 2M/r. This metric describes a black string in AdS. Including a reflection symmetric 
domain wall in this spacetime is trivial: surfaces of constant z satisfy the Israel equations provided 



the domain wall tension satisfies equation 2.2. For a domain wall at z = zq, introduce the coordinate 



w = z — zq. The metric on both sides of the wall can then be written 

/2 

ds^ = -^^^-^—^(-U{r)dt^ + U{r)-^dr^ + r^{de^ + sin^ edcp"^) + dw^) (3.3) 

with — (XD < tt; < oo and the wall is at w = 0. It would be straightforward to use the same method to 
construct a black string solution in the presence of a thick domain wall. 

The induced metric on a domain wall placed at z = Zq can be brought to the standard Schwarzschild 
form by rescaling the coordinates t and r. The ADM mass as measured by an inhabitant of the wall 
would be = MI/zq. The proper radius of the horizon in five dimensions is 2M*. The AdS length 
radius / is required to be within a few orders of magnitude of the Planck length |Q] so black holes of 
astrophysical mass must have M/zq S> 1. If one included a second domain wall with negative tension 
then the ADM mass on that wall would be exponentially suppressed relative to that on the positive 
tension wall. 

Our solution has an Einstein metric so the Ricci scalar and square of the Ricci tensor are finite 
everywhere. However the square of the Riemann tensor is 

R^u^.R'"''^ = F + ' ^^-^^ 

which diverges at the AdS horizon z = oo as well as at the black string singularity at r = 0. We shall 
have more to say about this later. 

It is important to examine the behaviour of geodesies in this spacetime. Let u denote the velocity 
along a timelike or null geodesic with respect to an affine parameter A (taken to be the proper time in 
the case of a timelike geodesic). The Killing vectors k = d/dt and m = d/d(j) give rise to the conserved 
quantities E = —k-u and L = m ■ u. Rearranging these gives 

dt Ez'^ , , 

- = n (3.5) 



and 



d\ Uir)P 
dS Lz"^ 



for motion in the equatorial plane {9 = vr/2). The equation describing motion in the z-direction is 
simply 



where u = for null geodesies and a = \ for timelike geodesies. The solutions for null geodesies are 
z = constant or 

z = -^, (3.8) 
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The solution for timelike geodesies is 



z = —zicosec{\/l). (3.9) 

In both cases, z\ is a constant and we have shifted A so that z ^ co as A ^ 0—. The (null) solution 
z = const is simply a null geodesic of the four dimensional Schwarzschild solution. We are more 
interested in the other solutions because they appear to reach the singularity at z = cxo. The radial 
motion is given by 



dr\^ z^ 

dx) ^¥ 



+ Si Uir) - 



~2 ^2 



0. (3.10) 




Now introduce a new parameter v = —z\/X for null geodesies and v = —{zf/l)cot{X/l) for timelike 
geodesies. We also define new coordinates f = zir/l, i = zit/l, and new constants E = ziE/l, 
L = zfL/P and M = ziM/l. The radial equation becomes 

i\~r\ 

= E^, (3.11) 

which is the radial equation for a timelike geodesic in a four dimensional Schwarzschild solution of mass 
M |l^. (This is the ADM mass for an observer with z = zo = P /zi.) Note that v is the proper time 
along such a geodesic. It should not be surprising that a null geodesic in five dimensions is equivalent 
to a timelike geodesic in four dimensions: the non-trivial motion in the fifth dimension gives rise to 
a mass in four dimensions. What is perhaps surprising is the relationship between the four and five 
dimensional affine parameters v and A. 

We are interested in the behaviour near the singularity, i.e. as A ^ 0— . This is equivalent to 
u ^ oo i.e. we need to study the late time behaviour of four dimensional timelike geodesies. If such 
geodesies hit the Schwarzschild singularity at f = then they do so at finite u. For infinite v there 
are two possibilities [|l6|. The first is that the geodesic reaches f = oo. The second can occur only 
if > 12M^, when it is possible to have bound states (i.e. orbits restricted to a finite range of f) 
outside the Schwarzschild horizon. 

The orbits that reach f = oo have late time behaviour f ~ vyEP^—1 and hence 

r^-^^E^-l (3.12) 
A 

as A — > 0—. Along such geodesies, the squared Riemann tensor does not diverge. The bound state 
geodesies behave differently. These remain at finite r and therefore the square of the Riemann tensor 
does diverge as A — > 0—. They orbit the black string infinitely many times before hitting the singularity, 
but do so in finite affine parameter. 

It appears that some geodesies encounter a curvature singularity at the AdS horizon whereas others 
might not because scalar curvature invariants do not diverge along them. It is possible that only part 
of the surface z = oo is singular. To decide whether or not this is true, we turn to a calculation of the 
Riemann tensor in an orthonormal frame parallelly propagated along a timelike geodesic that reaches 
2; = oo but for which the squared Riemann tensor does not diverge (i.e. a non-bound state geodesies). 
The tangent vector to such a geodesic (with L = 0) can be written 

„ (z /I2 Ez^ z2 [— \ 
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where we have written the components in the order (z, t, r, 9,(j)). A unit normal to the geodesic is 



It is straightforward to check that this is parallelly propagated along the geodesic i.e. u ■ Vn^ = 0. 
These two unit vectors can be supplemented by three other parallelly propagated vectors to form an 
orthonormal set. However the divergence can be exhibited using just these two vectors. One of the 
curvature components in this parallelly propagated frame is 

R(u){n)(u){n) = Rf^up^U^'n^uPn" = ^ ^1 - ^^^^ , (3.15) 

which diverges along the geodesic as A — > 0. The black string solution therefore has a curvature 
singularity at the AdS horizon. 

It is well known that black string solutions in asymptotically flat space are unstable to long wave- 
length perturbations [0]. A black hole is entropically preferred to a sufficiently long segment of string. 
The string's horizon therefore has a tendency to "pinch off" and form a line of black holes. One might 
think that a similar instability occurs for our solution. However, AdS acts like a confining box which 
prevents fluctuations with wavelengths much greater than / from developing. If an instability occurs 
then it must do so at smaller wavelengths. 

If the radius of curvature of the string's horizon is sufficiently small then the AdS curvature will be 
negligible there and the string will behave as if it were in asymptotically flat space. This means that 
it will be unstable to perturbations with wavelengths of the order of the horizon radius 2M^, = 2Ml/z. 
At sufficiently large z, such perturbations will fit into the AdS box, i.e. 2M* <C /, so an instability can 
occur near the AdS horizon. However for M/z ^ 1, the potential instability occurs at wavelengths 
much greater than / and is therefore not possible in AdS. Therefore the black string solution is unstable 
near the AdS horizon but stable far from it. 

We conclude that, near the AdS horizon, the black string has a tendency to "pinch off" but further 
away it is stable. After pinching off, the string becomes a stable "black cigar" which would extend to 
infinity in AdS if the domain wall were not present, but not to the AdS horizon. The cigar's horizon 
acts as if it has a tension which balances the force pulling it towards the centre of AdS. We showed 
above that if our domain wall is at z = zq then a black hole of astrophysical mass has M/zq ^ 1, 
corresponding to the part of the black cigar far from the AdS horizon. Here, the metric will be well 
approximated by the black string metric so the induced metric on the wall will be Schwarzschild and 
the predictions of four dimensional general relativity will be recovered. 

4 Discussion 

Any phenomenologically successful theory in which our universe is viewed as a brane must reproduce 
the large-scale predictions of general relativity on the brane. This implies that gravitational collapse of 
uncharged non-rotating matter trapped on the brane ultimately settles down to a steady state in which 
the induced metric on the brane is Schwarzschild. In the higher dimensional theory, such a solution 
could be a localized black hole or an extended object intersecting the brane. We have investigated 
these alternatives in the models proposed by Randall and Sundrum (RS). The obvious choice of five 
dimensional solution in the first case is Schwarzschild- AdS. However we have shown (in the Appendix) 
that it is not possible to intersect this with a vacuum domain wall so it cannot be the final state of 
gravitational collapse on the wall. 
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We have presented a solution that describes a black string in AdS. It is possible to intersect this 
solution with a vacuum domain wall and the induced metric is Schwarzschild. The solution can therefore 
be interpreted as a black hole on the wall. The AdS horizon is singular. Scalar curvature invariants only 
diverge if this singularity is approached along the axis of the string. However, curvature components 
diverge in a frame parallelly propagated along any timelike geodesic that reaches the horizon. This 
singularity can be removed if we use the first RS model in which there are two domain walls present 
and we live on a negative tension wall. However if we wish to use the second RS model (with a 
non-compact fifth dimension) then the singularity will be visible from our domain wall. In it was 
argued that anything emerging from a singularity at the AdS horizon would be heavily red-shifted 
before reaching us and that this might ensure that physics on the wall remains predictable in spite 
of the singularity. However we regard singularities as a pathology of the theory since, in principle, 
arbitrarily large fluctuations can emerge from the singularity and the red-shift is finite. 

Fortunately, it turns out that our solution is unstable near the AdS horizon. We have suggested 
that it will decay to a stable configuration resembling a cigar that extends out to infinity in AdS but 
does not reach the AdS horizon. The solution becomes finite in extent when the gravitational effect 
of the domain wall is included. Our domain wall is situated far from the AdS horizon so the induced 
metric on the wall will be very nearly Schwarzschild. Since the cigar does not extend as far as the AdS 
horizon, it does not seem likely that there will be a singularity there. Similar behaviour was recently 
found in a non-linear treatment of the RS model It was shown that pp- waves corresponding to 
Kaluza-Klein modes are singular at the AdS horizon. These pp-waves are not localized to the domain 
wall. The only pp-waves regular at the horizon are the ones corresponding to gravitons confined to 
the wall. We suspect that perturbations of the flat horospheres of AdS that do not vanish near the 
horizon will generically give rise to a singularity there. 

It seems likely that there are other solutions that give rise to the Schwarzschild solution on the 
domain wall. For example, the metric outside a star on the wall would be Schwarzschild. If the cigar 
solution was the only stable solution giving Schwarzschild on the wall then it would have to be possible 
to intersect it with a non-vacuum domain wall describing such a star. However, it is then not possible 
to choose the equation of state for the matter on the wall, for reasons analogous to those discussed in 
the Appendix. Our solution is therefore not capable of describing generic stars. If this is the case then 
one might wonder whether there are other solutions describing black holes on the wall. We conjecture 
that the cigar solution is the unique stable vacuum solution with a regular AdS horizon that describes 
a non-rotating uncharged black hole on the domain wall. 



We have benefitted from discussions with D. Brecher and G. Gibbons. AC was supported by Pembroke 
College, Cambridge. 

Appendix 

One candidate for a black hole formed by gravitational collapse on a domain wall in AdS is the 
Schwarzschild-AdS solution, which has metric 
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ds^ = -U{r)dt^ + Uiry^dr"^ + r^{dx^ + sin^ xd^'^), 



(1) 



where dO^ 



is the line element on a unit 2-sphere and 




(2) 
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The parameter M is related to the mass of the black hole. We have not yet included the gravitational 
effect of the wall. We shall focus on the second RS model so we want a single positive tension domain 
wall with the spacetime reflection symmetric in the wall. Denote the spacetime on the two sides of the 
wall as (+) and (— ). Let n be a unit (spacelike) normal to the wall pointing out of the (+) region. 
The tensor hfj,u = Qfiu — n^riu projects vectors onto the wall, and its tangential components give the 
induced metric on the wall. The extrinsic curvature of the wall is defined by 

K^, = hP^KVpn^ (3) 

and its trace \s K = h^'^ Kfj_y. The energy momentum tensor t^j^ of the wall is given by varying its 
action with respect to the induced metric. The gravitational effect of the domain wall is given by the 



Israel junction conditions [17|, which relate the discontinuity in the extrinsic curvature at the wall to 
its energy momentum: 

[K^u - Kh^A- = '^^tf.u (4) 



(see [18 1 for a simple derivation of this equation). Here = 8ttG where G is the five dimensional 



Newton constant. This can be rearranged using reflection symmetry to give 



where t = h^'^tfj^y. 



Cylindrical symmetry dictates that we should consider a domain wall with position given by x 
xir). The unit normal to the (+) side can be written 



6T 

n = , {dx - x'dr) , (6) 



'1 + Ur^x' 

where e = ±1 and a prime denotes a derivative with respect to r. The timelike tangent to the wall is 

d 



and the spacelike tangents are 



'X'^ + TT , (8) 



1 + Ur'^X^ V dx dr 

1 a 



r sin X 90 ' 
1 d 



r sm X sm u o(p 

The non-vanishing components of the extrinsic curvature in this basis are 



(9) 
(10) 



Kuu = '^'''^ , (11) 
2a/i + Ur'^x'^ 



1 + Ur^x' 



cotx 



/2 \ r 



Ux') , (12) 
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3/2 



-ah,, 



1 + Ur'^x'^ 
A vacuum domain wall has 

where a is the wall's tension. The Israel conditions are 

^2 



(^x'^^U^r^ + 2x'U + Urx" + U'rx'/2 



These reduce to 



6 



■a. 



(13) 

(14) 

(15) 
(16) 



It is straightforward to verify that these equations have no solution. A solution can be found for a 
non-vacuum domain wall with energy-momentum tensor 



tf,i, = diag(cr,p,p,p,0), 



(17) 



since then we have three unknown functions (o"(r),p(r), x(?')) and three equations. However this does 
not allow an equation of state to be specified in advance. We are only interested in vacuum solutions 
since these describe the final state of gravitational collapse on the brane. 

References 



[1] 

[2] 

[3] 
[4] 
[5] 
[6] 

[7 

[s: 

[9 

[lo; 
[11 

[12 
[13 
[14 
[15 



N. Arkani-Hamed, S. Dimopoulos and G. Dvah, Phys. Lett. B429, 263 (1998); hep-ph/98033T5 



I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B436, 257 (1998); 
|hep-ph/9804398[ 



L. Randall and R. Sundrum, hep-ph/9905221 



L. Randall and R. Sundrum, hep-th / 9906064 . 



K. Behrndt and M. Cvetic, piep"-th/990905g . 

K. Skenderis and P.K. Townsend, |hep-th/9909070| . 



O. DeWolfe, D.Z. Freedman, S.S. Gubser and A. Karch, |hep-th/9909134 . 
A. Chambhn and G.W. Gibbons, |hep-th/9909T30. 



P.C. Argyres, S. Dimopoulos and J. March-Russell, Phys. Lett. B441, 96 (1998); |hep-th/9808l3S . 
R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, 2837 (1993); |hep-th/930105^ . 
G.W. Gibbons, Nucl. Phys. B394, 3 (1993). 

M. Cvetic, R. Davis, S. Griffies and H.H. Soleng, Phys. Rev. Lett. 70, 1191 (1993); |hep-th/9210T2g . 
M. Cvetic, S. Griffies and H.H. Soleng, Phys. Rev. D48, 2613 (1993); fer-qc/ 9306005 . 



M. Cvetic and H.H. Soleng, Phys. Rep. 282, 159 (1997); |hep-th/9604090 



D. Brecher and M.J. Perry, |hep-th/990801g . 



[16] R.M. Wald, General Relativity, University of Chicago Press (1984). 
[17] W. Israel, Nuovo Cimento 44B, 1 (1996), erratum: 48B, 463 (1967). 
[18] H.A. Chamblin and H.S. Reall, |hep-th/9903225 . 



10 



